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6

Abstract7

In the next sections I shall describe a ?dynamic? hypothetical learning path (DHLP) for the8

learning of the concept of parallelogram in geometry, which helped the students of the9

experimental team to raise their van Hiele levels. The design of the DHLP started with a10

?thought experiment? with which I imagined a learning path for the understanding of the11

parallelograms, trying simultaneously to predict the reactions of students. I shall also describe12

the aims I had posed, as well as the points of the research process in which I changed the13

route of the path in order to introduce a new tool, due to students? cognitive conflicts or14

other obstacles which occurred. Using examples, I will describe the research process and (a)15

the design and redesign of the DHLP through linking visual active representations and (b) the16

students? competence in the mental or verbal decoding of these representations and in using17

the tools that affect their development of the thinking levels. Finally, I shall extend the18

conceptual framework of Linking Visual Active Representations to introduce what arises from19

the research process.20

21

Index terms— Hypothetical learning path, dynamic geometry software, linking visual active representations22
(LVAR)23

Keywords : Hypothetical learning path, dynamic geometry software, linking visual active representations24
(LVAR).25

n the sections that follow, I shall describe a ’dynamic’ hypothetical learning path (DHLP) (i.e, a hypothetical26
learning path through the dynamic geometry software) for the learning of the concept of parallelogram in27
geometry, which I ”designed to engender those mental processes or actions [of students] hypothesized to move28
[them] through a developmental progression of levels of thinking” ??Clements & Sarama, 2004, p.83). Simon29
(1995) supports that a hypothetical learning trajectory ”is hypothetical because the actual learning trajectory is30
not knowable in advance” (p. 135).31

As a mathematics teacher, I have designed instructional materials for my students in the past (see for example32
Patsiomitou, 2005Patsiomitou, , 2007)), endeavouring to predict students thinking, or ”imagining a route by33
which [the student] could have arrived (or could arrive) at a personal solution” ??Gravemeijer & Terwel, 2000,34
p.780). This is in accordance to the ”reinvention principle” (Freudenthal, 1973) or working in a DGS environment35
in accordance to the ’dynamic reinvention’ principle (Patsiomitou & Emvalotis, 2010a, b; Patsiomitou, Barkatsas36
& Emvalotis, 2010) Furthermore, ”an Author : Department of Primary Education, University of Ioannina, Greece.37
E-mail : spatsiomitou@sch.gr individual’s learning has some similarity to [the learning] that many of the students38
in the same class can benefit from the same mathematical task” ??Simon, 1995, p. 135).39

Students’ cognitive growth is a major aim of mathematics education. Researchers have interpreted it in40
different ways, such as that cognitive growth can occur between others, through developmental stages (e.g.,41
??iaget, 1937 ??iaget, /1971;;van Hiele, 1986), as development of proof schemes (e.g., Balacheff, 1988;Harel &42
Sowder, 1998;Harel, 2008) or as dynamical development of students’ mental representations (e.g., Cifarelli, 1998)43
when students confront problem-solving situations.44
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A Linking Visual Active Representation DHLP for Student’s Cognitive
Development

Pegg & Tall (2005) identify two main categories of theories to explain and predict students’ conceptual45
development, (or cognitive growth, or cognitive development):46

”global theories of long-term growth of the individual, such as the stage theory of Piaget (e.g., Piaget &47
Garcia, 1983). local theories of conceptual growth such as the action-process-object-schema theory of Dubinsky48
(Czarnocha et al., 1999) or the unistructural multistructural-relational-extended abstract sequence of SOLO49
Model (Structure of Observed Learning Outcomes, Biggs & Collis, 1982Pegg, 2003)”. (p.188)50

In the present study I have used the theory of van Hiele (1986) (a long-term or global theory in terms of Pegg51
& Tall’s (2005) identification and categorization mentioned above) both in the design of the activities in the DGS52
environment in the light of ”the path by which learning might proceed” ??Simon, 1995, p.135) and for describing53
of student’s behaviour.54

The students during a problem-solving situation and due to the communication that develops in a mediated-55
by-artifacts milieu, the students are led to create their personal representations for a mathematical entity56
and to transform them. In order to develop the understanding of a meaning the students have to create a57
transitional bridge between the external and internal representation (e.g, Kaput, 1999;Goldin & Shteingold,58
2001; Pape & Tchoshanov, 2001) of this meaning. The activity of solving problems is based on the interaction59
and transformation between different representational systems (e.g, Goldin & Janvier, 1998) of the same meaning.60
The ability to interpret a meaning between representational systems (Janvier, 1987) is necessary for students’61
conceptual understanding in mathematics.62

In previous studies I have supported the effect that the Linking Visual Active Representation modes (see63
for example ??atsiomitou, 2008 a, b;Patsiomitou, 2010) have on the student’s gradual competence towards64
rigorous proof construction, during a problem solving process. In Geometer’s Sketchpad (Jackiw, 1991) DGS65
environment, LVAR are interpreted as a realworld problem modeling process ”encoding the properties and66
relationships for a represented world consisting of mathematical structures or concepts” (Sedig & Sumner, 2006)67
enhanced by selected basic or task -based (Sedig & Sumner, 2006) different interaction techniques facilitated68
by the DG Sketchpad v4 environment where the problem is modeled (see also Patsiomitou, 2008b, 2010,69
Patsiomitou & Emvalotis, a dynamic geometry problem solving session are defined as follows (e.g, ??atsiomitou,70
2008Patsiomitou, , 2010)):71

Linking Visual Active Representations are the successive phases of the dynamic representations of a problem72
which link together the problem’s constructional, transformed representational steps in order to reveal an73
ever increasing constructive complexity. Since the representations build on what has come before, each one74
is more complex, and more integrated than the previous ones, due to the student’s (or teacher’s, in a semi-75
preconstructed activity) choice of interaction techniques during the problem-solving process, aiming to externalize76
the transformational steps they have visualized mentally (or existing in their mind) (p. 2).77

In this study, I shall extend the conceptual frame of the Linking Visual Active Representations in order to78
include what emanated from the research process through out in depth data analysis. What I shall prove through79
the current study is (a) how crucial is the development of student’s ability to decode a representation either mental80
or external and (b) how the linking representations which a student mentally creates, affect his/her development81
of geometrical thinking. Thus, a student’s thinking development could be evoking in an organized frame of a82
learning path in which the student participates.83

As it is well known the development of student’s thinking is depended on the structure of the content of the84
teaching process. From that point of view the structure of the design of the activities and their sequence during85
the implementation process plays the main role. The student’s learning using LVAR through their participation86
in a hypothetical leaning path can change the path of student’s development due to their reconceptualization of87
the meanings that will be introduced.88

In the next sections I shall describe in detail both how the students might interact with the instructional89
materials of the DHLP and what their hypothetical learning path, goals and predictable modes of thought might90
be. I shall also present snapshots of the research process. The goal of my study was to investigate the research91
question: Does the DHLP (’dynamic’ hypothetical learning path) supported by LVARs (Linking Visual Active92
Representations) affect students’ cognitive development?93

a) The Van Hiele Model Dina and Pierre van Hiele-Geldof developed a theoretical model involving five levels94
of thought in geometry and five phases of instructional design after they observed the great difficulties that95
secondary school students experienced when learning geometry (in ??uys et al., 1984, p.6). Pierre van Hiele96
eventually reduced their model to three levels: visual (level 1), descriptive (level 2) and theoretical (level 3) (see97
van Hiele, 1986 cited in ??eppo, 1991, p. 210). Battista (2007) ”has elaborated the original van Hiele levels to98
carefully trace students’ progress in moving from informal intuitive conceptualizations of 2D geometric shapes to99
the formal property-based conceptual system used by mathematicians” (p.851).100

He separated each phase in subphases (Battista, 2007) Another aspect of van Hiele’s theory is the importance101
of students adhering to the following five instructional phases within each level which are briefly the following102
(Fuys et al., 1984): information (inquiry), directed orientation, explicitation, free orientation and integration103
(p.251). Teppo (1991) supports that ”students progress from one level to the next is the result of purposeful104
instruction [?] that emphasize exploration, discussion, and integration” (p. 212).105

As Pierre van Hiele reports ”an important part of the roots of his work can be found in the theories of Piaget”106
(van Hiele, 1986, p. 5). Pierre van Hiele also reported the differences between his theory and the theory of Piaget,107
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giving emphasis to the role of language ”in moving from one level to the next” (van Hiele, 1986, p. 5). He also108
saw ”structures of a higher level [thought] as the result of study of the lower level” (van Hiele, 1986, p. 6).109

During the instructional phases the figures firstly acquire the symbol character and after a successful110
instructional period in which the student participates the Meaning the student transforms ”a first level of111
perception at which pupils condense the properties of a known geometrical figure” to ”a second level of description112
or analysis at which perceptions are translated into descriptions, though without specific linguistic properties-of113
which the significant signal is most significant in the description” ??Cannizzaro & Menghini, 2003, p.2).114

The students in the gaps between levels face disequilibration ??Piaget, 1937 ??Piaget, /1954) situations that115
force them to reorganize their cognitive structures, when a conceptual structure does not act in line with their116
expectations. The reorganization of the individual’s schemata involves the subprocesses of accommodation or117
assimilation (Piaget, ibid.) which correspond to modifying the pre-existing schemata and building new schemata118
in the student’s mind or interpreting the new information according to pre-existing schemata. Many times119
students face misconceptions (e.g, Shaughnessy, 1981) and cognitive conflicts (e.g., Watson & Moritz, 2001).120

The difficulties which arise when a student studies geometry begin with the way s/he perceives a shape. The121
perceptual competence of a student to ’see’ a figure’s properties depends on his/her development of cognitive122
structures and ability to think abstractly. The development of a student’s cognitive structures makes him/her123
able to perform the ”hypothetical representation of his/her internalized organization of the concepts in long-term124
memory” (McDonald, 1989, p.426).125

Skemp’s view of the abstraction process is that ”a concept is the end product of [?] an activity by which we126
become aware of similarities [?] among our experiences” ??Skemp, 1986, p.21 Abstraction is not an objective,127
universal process but depends strongly on context, on the history of the participants in the activity of abstraction128
and on artifacts available to the participants. Artifacts are outcomes of human activity that can be used in further129
activities. They include material objects and tools, such as computerized ones, as well as mental ones including130
language and procedures; in particular, they can be ideas or other outcomes of previous actions” (p.82).131

Dina van Hiele made clear in her writings the distinction between the ’drawing’ and the ’construction’ of132
a shape. She distinguished the notion of construction from the notion of drawing in order to express the133
difference between the images that a student constructs (in a paper/pencil environment) when s/he tries to134
externalize his/her mental representation, using geometry rules (or not in correspondence). She supported that135
”the teacher [in order] to reach his goal [has] to refine [to his/her students] that there is a clear distinction136
between the drawing of figures and the constructing of figures” ??Fuys et al., 1984, p. 36). In other words137
it is crucial for the students’ cognitive development to improve their ability to transform the visual image138
or drawing they perceive, into a construction with concrete properties. The investigation of problems in the139
dynamic geometry environment provides the feedback for the students to acquire a theoretical background,140
necessary for the conceptual development in Euclidean geometry. During the problem-solving process, students141
develop different kinds of reasoning including inductive, abductive, plausible and transformational reasoning (e.g,142
Harel & Sowder, 1998;Peirce, 1992;Simon, 1996).143

As for procedural knowledge Baroody, Feil & Johnson (2007) define it as the ”mental actions or manipulations,144
including rules, strategies, and algorithms, needed to complete a task.” (p. 123). Kadijevich & Haapasalo (2001)145
argue that, using computers, students can spend less time on procedural skills and more on developing their146
conceptual understanding (Fey, 1989). Given the core role in mathematics education of developing procedural147
and conceptual knowledge and forging links between the two, a key question is how different technologies affect the148
relationship between the two. Laborde (2005) has distinguished between robust and soft constructions, placing149
emphasis on difficulties of students to connect their construction with the theory of geometry, in other words to150
relate the procedural knowledge and conceptual understanding.151

In a DGS milieu ”robust constructions are constructions for which the drag mode preserves their properties”152
??Laborde, 2005, p.22).153

The solution of a problem in a DGS environment depends on the preexisting conceptual knowledge of students154
about figure and their procedural knowledge of the tools and theorems which might be used, moreover the tools’155
efficiencies. Furthermore, conceptual knowledge of students emanates in response to instrumental genesis (e.g.,156
Rabardel, 1995) through the tool use of the software and the development of argumentation as a discursive157
process, supported by the visualization provided by the dynamic diagram.158

During the instrumental genesis the user structures what Rabardel (1995) calls utilization schemes (usage159
schemes or instrumented action schemes) of the tool/artifact. Utilization schemes are the mental schemes that160
organize the activity through the tool/artifact. This process has been reported by many studies (e.g, Artigue,161
2000;Trouche, 2004) on the research of Verillon & Rabardel (1995) about the ways by which an artefact becomes162
an instrument for a student. According to Artigue (2000), ”an instrument is thus seen as a mixed entity,163
constituted on the one hand of an artefact and, on the other hand, of the schemes that make it an instrument for164
a specific person. These schemes result from personal constructions but also from the appropriation of socially165
pre-existing schemes.” Vergnaud (1998) has redefined the meaning of scheme that has been introduced by ??iaget166
(1936), as the ”invariant organization of behaviour for a given class of situations”. From Trouche’s point of view,167
(personal email correspondence with Professor Trouche on October 22, 2007) ”[someone] has also to have in mind168
social aspects of schemes. And, finally, what is important is to analyze the operational invariants, behind the169
schemes?”. Meaning ”the implicit knowledge contained in the schemes: concepts-in-actions, that is concepts that170
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1 B) LEARNING AS A ’DYNAMIC’ REINVENTION

are implicitly considered as pertinent, or theorems-in-actions that is, propositions believed to be true” ??Trouche,171
2004, p. 285).172

Dragging is a powerful, conceptual tool in a DG milieu which that does not have ”compatible counterpart”173
in Euclidean geometry (Lopez-Real & Leung, 2004, p.1). According to ??ariotti (2000, p.36) ”the dragging test,174
externally oriented at first, is aimed at testing perceptually the correctness of the drawing; as soon as it becomes175
part of interpersonal activities [?] it changes its function and becomes a sign referring to a meaning, the meaning176
of the theoretical correctness of the figure.”177

In a current study (Patsiomitou, 2011) I introduced the notions of theoretical dragging (i.e., the student aims178
to transform a drawing into a figure on screen, meaning s/he intentionally transforms a drawing to acquire179
additional properties) and experimental dragging (i.e., the student investigates whether the figure (or drawing)180
has certain properties or whether the modification of the drawing in the picture plane through dragging leads to181
the construction of another figure or drawing). I also reported of the notion of instrumental decoding to explain182
a student’s competence to transform his/her mental images to actions in the software, using the software’s183
interaction techniques.184

In this study I shall describe how the learning through the DHLP affects students’ cognitive structure’s185
transformations and consequently their cognitive growth. I shall also explain how the theoretical dragging affects186
students’ competence to instrumental decoding and consequently their cognitive development.187

1 b) Learning As a ’Dynamic’ Reinvention188

The theoretical framework underpinning the DHLP was based on social constructivism. In a socialconstructivist189
teaching and learning process, the learning of mathematics generally and of geometry particularly is a complex190
process, being constructivist and social (Cobb, Yackel & Wood 1989 ”Most of our learning is nothing else than a191
special kind of social interaction aimed at modification of other social interactions. [?] Thus, whatever the topic192
of learning, the teacher’s task is to modify and exchange the existing discourse rather than to create a new one193
form scratch. If so, we can define learning as the process of changing one’s discursive ways in a certain well-defined194
manner.” (p.3) In other words, this will be a change in a student’s informal discursive way to express his or her195
thoughts in formal language. Building on a theoretical perspective of learning, Bowers & Stephens (2011) support196
that first, if learning is viewed as a socially situated practice, then (a) teaching can be seen as the practice of197
orchestrating mathematical discourses and (b) learning can be seen as the ways in which students engage in these198
discourses. In short, the role of any teacher (or teacher educator) can be seen as negotiating the emergence of199
conceptual discourse that involves the use of appropriate tools as a normative part of the commognitive process.200
The role of the student is also intricately related to his or her participation in the discourse with a focus on the201
ways in which tools mediate the discussions and acceptable ways of proffering and debating mathematical ideas.202
(p. 287)203

In such a discursive process the students play the role of the ’actor’ in the activity of the mathematical204
discussion and the teacher the role of the participated ’observer”, who frequently intervenes with crucial questions205
designed to prompt mathematical discussion. Freudenthal (1991) ”criticized the constructivist epistemology from206
an observer’s point of view” ??and] ”saw mathematics from an actor’s point of view” ??Gravemeijer & Terwel,207
2000, p.785). Which is to say, constructing meaningful activities for the students by imagining how the students208
might interact with the instructional materials, what obstacles they had to overcome, the possible (or multiple)209
solutions they could find, how their thinking could be raised due to the evolution of mathematical discussions they210
participate in. This is in accordance with what Freudenthal argues that ”doing mathematics is more important211
than mathematics as a ready-made product” ??Gravemeijer & Terwel, 2000, p.780). In accordance to Steffe212
& Olive (1996), Olive (1999) In other words Toulmin’s model consists of the elements described above, which213
are explicit or implicit. Several times an argument does not include qualifiers and rebuttals. Krummheuer214
(1995) suggested and applied a reduced model of the original scheme, consisting of claims, data, and warrants215
of arguments ”to examine the learning of mathematics in the context of collective argumentation” (p.11). As216
suggested by Krummheuer (ibid.), during a classroom activity (or for the current study during group cooperation)217
one or more students could be contributing towards the formulation of the argument, attempting to convince the218
other participants of the group, including the class teacher (or the researcher). In the following paragraphs, I219
am going to explain the pseudo-Toulmin’s model through examples in which the data could be an element or an220
object of the dynamic diagram, and a warrant could be a tool or a command that guarantees the result which is221
the claim (or the resulted formulation).222

The figure 2 presents a pseudo-Toulmin’s model through example. The qualitative study (Merriam, 1998)223
with a quasi-experimental design (Campbell & Stanley, 1963) was conducted in a public high school class in224
Athens during the second term of the 2006-2007 academic years. For the research process twenty eight students225
volunteers were divided into ’experimental’ and ’control’ teams, of 14 students each. Students were ages 15 and226
16, equal numbers of boys and girls, and all in levels 1 and 2. The students first had been evaluated by their227
responses to the 20 questions of the 25 multiple-choice questions van Hiele test of Usiskin (1982). In grading the228
students tests, ”a student was assigned [the] weighted high score” described by ??siskin (1982, pp.22-23). This229
means s/he had been determined to be in level 1 if s/he answered 3 or 4 of 5 first questions of the Usiskin test230
correctly (with 4 being the stricter criterion called for by Usiskin). The participants had no knowledge of the231
DGS software or any related software.232
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The study developed into a didactic experiment of action research (Kemmis & McTaggart, 1982;Schön, 1987).233
For this study, the constant comparative method was chosen in order to deduce a grounded theory (Strauss &234
Corbin, 1990).235

The students of the experimental group followed a DHLP (i.e. a re-conceptualized learning path of four strands236
for the teaching and learning of parallelograms in geometry, using The Geometer’s Sketchpad software) which I237
conceived through a thought experiment, reported at many conferences [see for example Patsiomitou & Emvalotis,238
2009c. The students in the control group followed the class curriculum. The progress of both groups was evaluated239
with scheduled tests at intervals and at the end of the academic year. The aim of the study was to investigate if240
the students who had followed the DHLP could develop their thinking and to compare their development with the241
development of the control group, which had not followed the DHLP. The complete study includes the following242
investigations: a) A detailed investigation of four phases of the students of the experimental group that followed243
the DHLP. Investigation covered how every student of the experimental group developed his/her thinking, using a244
detailed analysis of their formulations and comparing the kind of representations they produced and the kinds of245
definitions and reasoning (i.e., inductive, abductive or deductive). b) A detailed investigation of four evaluations246
of the students of both groups in a paper-pencil environment. This investigation covered how every student in247
both groups developed his/her thinking by comparing the milestones of their development moving through the248
van Hiele levels (i.e., the characteristics of every level as defined by Battista (2007) as they appeared in the249
paper-pencil tests). Moreover, I studied their ability to prove. c) A comparison study between the students in250
both groups (i.e., how the students in level 1 or level 2 of the experimental group developed the characteristics251
of each level and how members of the control group did the same).252

In the current study, I shall concretely report the design and redesign of the DHLP (in more detail for phases A253
and B) through linking visually active representations and the experimental group students’ competence in mental254
or verbal decoding of these representations and in using the tools that affect their development of thinking levels.255
The study of the control group is not the aim of the current paper, but I shall briefly discuss its development.256

The phases of the DHLP are interconnected in terms of: a) the conceptual context, b) the order in which the257
software’s technological tools are introduced, and c) the increasing difficulty at both levels. The experimental258
process lasted approximately four months, from January to May. Firstly I examined student’s level of geometric259
thought using the test developed by Usiskin (1982) which is in accordance to the van Hiele model using only the260
first twenty questions of the questionnaire. The results presented here emerged from interaction within the group261
of the experimental team, with reference to excerpts from all four research phases. In the next sections, I shall262
describe the DHLP. This description of the DHLP is a synthesis of an instructional design process and a redesign263
process, meaning a ”systematic, self reflective spiral of planning, acting, observing and reflecting” ??Steketee,264
2004, p. 876).265

In the instructional design process, I shall describe how I predicted the hypothetical transitional understanding266
of the meaning of parallelograms and the students’ way of thinking during the solution of the problems in267
combination with their actions in the software with the closest possible approach. In the instructional redesign268
process, I shall describe the procedures that demanded the addition of new tools, which helped the students of the269
experimental team overcome cognitive and instrumental obstacles that they faced during the research process.270

The description that follows is separated into two sections for each phase: one which describes the aims of271
the DHLP as part of the general framework of the curriculum for the teaching and learning of geometry, and a272
prediction process of the hypothetical interactions of the students with the tools, consequently an Global Journal273
of Computer Science and Technology Volume XII Issue VI Version I March inductive way of thinking that has274
been supported by my previous observations.275

In the next sections I present excerpts of the research process concerning the groups A-E. In group A, the276
student participants were M9, M10, and M14 (all van Hiele level 1 at the pre-test). In group B were M1 and277
M12 (both van Hiele level 1 at the pre-test) and M11 and M12 (both in van Hiele level 2 at the pre-test). In278
group C student participants were M7, M8 (both in van Hiele level 2 at the pre-test) and M13 (van Hiele level279
1 at the pre-test). In group D student participants were M5, M6 (both in van Hiele level 2 at the pre-test).280
In group E were M3 and M4 (both in van Hiele level 2 at the pre-test). During description of the DHLP will281
present snapshots of how the student-participants reacted with the digital artefacts and how their reactions gave282
me feedback to redesign the research process.283

i. Instructional Design Process : The aim of the first phase of the research process was for the students to284
obtain the competence to build and transform linking structurally unmodified representations of parallelograms.285
The groups started with the most general concept of a parallelogram in which the opposite sides are parallel286
lines, before specifying by imposing the properties that produce a rectangle, a rhombus, and a square.287

In the first phase of the research process the students had to build parallelograms with an emphasis on the288
”construction” menu. My intention was to introduce the Sketchpad tools and commands ’step by step’, ”in289
parallel with the corresponding theory” (Mariotti, 2000, p.41), because from my previous experience the students290
too often make mechanical use of the software and, this in return renders them unable to understand the logic291
behind the command options. I have recorded in detail how the students came to understand the use of the tools292
and correlated this ability with the partial construction of the meanings. The aim of the construction problems of293
the research process was for the students to do the following: Construct a soft construction and investigate it using294
experimental dragging in order to face cognitive conflicts. Become able to dynamically reinvent the properties of295
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2 PROBLEM 1 : CONSTRUCTION OF A PARALLELOGRAM:
CONSTRUCT A PARALLELOGRAM IF YOU KNOW A STRAIGHT LINE

the shapes through theoretical dragging. Provide a robust construction by instrumentally decoding their mental296
images with the software tools. The students have to first transform the verbal or written formulation (”construct297
a parallelogram,” for example) into a mental image, which is to say an internal representation recalling a prototype298
image (e.g., Hershkovitz, 1990) that they have shaped from a textbook or other authority before transforming299
it into an external representation, namely an onscreen construction. Provide an oral description of the process,300
meaning the path they followed in constructing the figure. This process includes the relation of procedural301
knowledge (use of the tools, use of the theorems or definitions) with the students’ conceptual understanding,302
meaning the use and building of the relative meanings through the process. Become able to perceptually form a303
hierarchy of the figures through linking representations.304

The connection with the conceptual knowledge will occur as a result of the justification of the process ”providing305
good arguments which can make the solution acceptable” (Mariotti, 2000, p. 34) at the theoretical field of the306
software within the system of Euclidean Geometry. As a consequence, ”solving construction problems in the307
[DGS] environment means accepting not only all the graphic facilities of the software, but also accepting a logic308
system in which its observable phenomena will make sense” (Mariotti, 2000, p.28).309

2 Problem 1 : Construction of a parallelogram: construct a310

parallelogram if you know a straight line311

Design process : a) When reading the problem, most students will start constructing a drawing on screen as312
an interpretation of the mental representation they have constructed by interacting with geometry curriculum313
materials (for example, textbooks). Due to experimental dragging which the student applies on a vertex, this314
drawing is messed up (Fig. 3). Through this process and in response to instrumental genesis the student will315
face a cognitive conflict between what s/he knows of the concept of a parallelogram, meaning what s/he has316
constructed from an authority (for example, a textbook) and what s/he faces on screen.317

The transformation of the position of the pointvertex through theoretical dragging leads to the transformation318
of the segment in order for the opposite sides to become congruent (Fig. ??). The tool thus affects the students’319
understanding that opposite sides of a concrete parallelogram should be congruent. This is to say, the students320
dynamically reinvent their understanding through the process. Building Linking Visual Active Representations321
of a parallelogram An example of the research process includes the following discussion: M10: How can it become322
a parallelogram? M14: drags a point-vertex of the drawing on screen. M10 : Yes, but we don’t know that this323
is a parallelogram like the one she made. M14: It seems to be a parallelogram. M9 : Maybe the ’dot’ should324
be closer. (fig. ??) M10 : It is not a parallelogram. M9 : Oh, [this is not a parallelogram because] these325
parallel lines are not congruent! Through the theoretical dragging of the point tool, M9 added the drawing of326
the parallelogram to the property of the congruency of its opposite sides. Subsequently, the theoretical dragging327
mediated the dynamic reinvention of a property of the diagram. In other words, theoretical dragging mediated328
the forming of an iconic representation and then the interpretation of the iconic representation into a verbal one.329

Consequently, the dragging tool will modify the shape (for example a drawing-parallelogram is modified into330
a quadrilateral and then into a figure-parallelogram); challenged to reproduce the external representation, the331
students will seek a procedure to produce a robust construction. This can be achieved through the process of332
instrumental decoding mentioned above and by constructing usage schemes using the software’s tools.333

b) Through the process of instrumental decoding and seeking a procedure leading to an unmodified334
construction, students will use the software’s primitives and commands to construct parallel lines. The notion of335
parallelism of lines ”is necessary in order to obtain a geometrical structuring” (Fuys et al., 1984, p.161) that could336
not be acquired by the students at the first stages of the experimental process. According to ??aborde (2003)337
”in a compass and ruler construction in paper and pencil environment, students would use a strategy based on338
the congruence of opposite sides. But in Cabri, almost all students use the strategy of constructing parallel lines339
to the given segments in order to obtain the fourth vertex C” (p.2)340

Most processes require the student to think concretely with regard to how they conceive of an isolated line or341
an isolated point, or a line or lines belonging to a figure. According to Mesquita, (1998) ”an isolated line and the342
same line belonging to a figure are not the ’same’ to the perception. The identification of these two functions343
to the same line presupposes an analytic perception, which is not natural” (Merleau-Ponty, 1945, p. 18 Most344
students ”recognize a rectangle where the vertical width is greater than the horizontal length [?]. This is not how345
students perceive it, however; their concept of a rectangle has become fixed as being course, is commonly held346
but is mathematically inaccurate as it ignores the square as a special case of rectangle” ??Monaghan, 2000, pp.347
186-187).348

Through the experimental, and then theoretical, dragging of a vertex of parallelogram is pursued /seeked the349
students to focus on the figure’s structure that ”can be specialized [from a parallelogram] by imposing more350
properties” (De Villiers, 1994, p. 14) and can be generalized from the concept of square. The students will351
specialize on a structure of a parallelogram as ”component structure of a higher one, [?], and they will learn to352
recognize corresponding elements, by Global Journal of Computer Science and Technology Volume XII Issue VI353
Version I March acquiring the structure of a technical language” (Dina van Hiele, 1984, p. 187).354

By this process, the students will construct the meaning of the rectangle as a specialization of the meaning of355
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the parallelogram, incorporating the additional properties of the rectangle, which will be reinvented through the356
process; this means ’dynamically reinvented’ (Fig. ??).357

An example of the research process includes the following discussion: construct a robust construction of a358
rectangle. 3 synonymous with an oblong 4 . [?].This perception, of M11: drags the vertexes of the parallelogram.359
M11: Now it seems like a rectangle. M11: I can’t find exactly the point.360

The experimental dragging of the vertexes of the parallelogram helped M11 to form a mental construct of the361
rectangle as a parallelogram. In response to instrumental genesis, she dynamically reinvented the property of362
the congruent sides. The synthesis of the interaction of the dragging tool on the point tool mediated into the363
transformation of her mental and verbal representations as an iconic representation.364

3 The students could use only the commands ”construct a parallel/ or perpendicular line” from the Construct365
menu which they already knew from the previous investigated activity. I limited the students to using the fewest366
commands possible, preferring they use only the necessary tools and the theories of geometry. 4 An oblong is a367
quadrilateral whose angles are all right angles, but whose sides are not all the same length. As Euclid defined368
it: Of quadrilateral figures, a square is that which is both equilateral and right-angled; an oblong that which369
is right-angled but not equilateral;( http://www.proofwiki.org/wiki/Definition:Quadrilateral) Design process :370
a) The students will shape the drawing of a rhombus by theoretically dragging the parallelogram so that the371
figure will obtain the property of the congruency of the sides and will match the mental prototype image the372
students have for the figure of the rhombus. Dragging the vertices of the parallelogram, linking representations373
are shaped, which help students perceptually understand the rhombus as a specialized parallelogram. The374
theoretical dragging of a rhombus vertex will encourage them to consider perceptual hierarchy, i.e., the rhombus375
is a specialized concept of the parallelogram and a generalized concept of the square. Moreover, the students376
simultaneously visualize the rhombus as a synthesis of two isosceles triangles, something that I expected because377
I had observed it in the past from many other students who constructed the rhombus (Fig. ??). b) A second378
intended activity will be for the students to theoretically drag the figure of the rhombus The perception of379
the rhombus as a synthesis of two equilateral triangles may lead students to a cognitive conflict. For example, a380
student of level 1 is not able to understand the meaning of a rhombus as a synthesis of isosceles or esp. equilateral381
triangles.382

An example of two students’ level 1 discussion follows: R : What is this figure? M9 : and M14: A rhombus383
M10 : This is to say, a rhombus consists of two equilateral triangles.384

M10 formulated an inaccurate definition of a rhombus after seeing the diagram, having been confused by the385
visual components of the rhombus on her screen, which consisted of two equilateral triangles. So this point is386
evidence that her formulation came as a result of misunderstanding. So this point is evidence that her formulation387
comes as a result of misunderstanding. She faced a cognitive obstacle that led her to a cognitive conflict when388
she saw the construction of the rhombus as a reflection of the isosceles triangle. Subsequently, she did not have389
the competence to order the two kinds of triangles and to understand the rhombus as a synthesis of two isosceles390
triangles.391

c) A third intended activity will be to have the students build a robust construction of a rhombus. The392
cognitive task for the students is to connect the structure of the rhombus with the meaning of reflectional393
symmetry, and consequently see it as a reconfiguration (Duval, 1995) of the isosceles triangle. This case is one394
of many possibilities to approach to this concept.395

So, they will be challenged to find ways to construct a robust construction. Furthermore, they will be able to396
perceive the hierarchy of the rhombus as a synthesis of isosceles or equilateral triangles. This is another point397
of dynamic reinvention through linking representations. According to Dina van Hiele (Fuys et al., 1984) the398
students will ”direct their thinking activity of the students to the analysis of structure prior to the formation of399
associations” (p. 177).400

5 The students will construct the figure of a rhombus as a specialization of the figure of a parallelogram they401
had constructed earlier on a previous screen of the software. By doing this, their knowledge of the properties of402
a rhombus will be built on their prerequisite knowledge of a parallelogram. 6 Many times the students avoid this403
special case, unless they are motivated by the researcher or the teacher to do it.404

De Villiers (1994) refers to the hierarchical classification of concepts as ”a classification of a set of concepts in405
such a manner that the more particular concepts form subsets of the more general concepts” (p.11). The students406
of levels 1 or 2 are not able to form d) After the investigation process has been completed, the students will407
decode the image of the rhombus as a figure on screen, developing strategies of constructed earlier 5 . Drag one408
vertex until you so that the isosceles triangles become equilaterals 6 . The the construction of the congruent sides409
in the software. For the reasons mentioned above (i.e., the hierarchical classification of concepts of isosceles and410
equilateral triangles and consequently the hierarchical classification of the structure of a rhombus constructed411
as a reconfiguration of the isosceles and/or equilateral triangle) this approach is considered better than others.412
Moreover, the properties of the rhombus are built on the symmetry of the isosceles triangle. The knowledge of413
a figure’s symmetry is directly connected with the defining of its properties. ”Should one skip the analysis of414
the concept of symmetry, then one cannot expect that the pupils will arise above the already existing global415
structuring, because the context does not allow for an extension of the structure” (Dina van Hiele in Fuys et al,416
1984, p. 160).©417

So, a new issue will arise: How can an isosceles triangle be constructed on screen?418
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2 PROBLEM 1 : CONSTRUCTION OF A PARALLELOGRAM:
CONSTRUCT A PARALLELOGRAM IF YOU KNOW A STRAIGHT LINE

This procedure has a broader aim: the understanding of the properties of the figure of the rhombus as an419
extension of the properties of the figure of the isosceles triangle-in other words, conceptualizing the structure of420
the isosceles triangle in order to cognitively structure the rhombus figure. This is to say the isosceles is a symbol421
in student’s mind and the rhombus can be replaced with a symbol with the following attributes: ”four congruent422
sides, congruent opposite angles, diagonals that are intersected and are perpendicular bisectors to one another”423
(Dina van Hiele in Fuys et l., 1984, p.207).424

According to Dina van Hiele (Fuys et al., 1984) the word symbol should be interpreted as meaning ”a mental425
substitute for a complex of undifferentiated relations that is subsequently elaborated in the pupil’s mind’ (p.207).426
By this process, the students build up the meaning of the rhombus, and the rhombus will acquire the symbolic427
character.428

On the other hand, the synthesis of the rhombus as reflection of the isosceles leads to the analysis and synthesis429
of the process which is in accordance to Duval (2006) contributes ”[to the general development of their capacities430
of reasoning, analysis and visualization]”(p.105)431

Redesign process : At this point I introduced a parametrical segment (e.g, labelled CD) (see ??atsiomitou,432
2008 ??atsiomitou, , 2009)). Let me explain, giving an example of the research process.433

Most students -although they worked in different groups-tried to construct an isosceles triangle using the434
procedures they use in the static means. First, they constructed a segment AB and then they tried to construct435
two circles with equal radii. This process is not easy in the dynamic geometry environment, because it cannot be436
achieved through measurement as one can do in static means. So, they have to find another way to construct the437
congruent radius of the circles, or the congruent circles. The students faced many difficulties trying to interpret438
their mental representations. Transforming Linking Visual Active Representations of a rhombus construction I439
dragged the parametrical segment CD until it would become greater than the half of the segment AB (Fig. ??).440
Therefore, by using the parametrical segment to construct the circles and then by dragging its end points, the441
students would have the opportunity to link the process with the theory of geometry. The introduction of the442
parametric tool helped students (especially of level 1) understand the process. M9 has understood the process443
of constructing an isosceles triangle during her participation in class. M9 faced a conceptual obstacle that led444
her to a cognitive conflict. The dragging of the parametrical tool in order to become greater than half of the445
segment led M9 to reformulate the definition of the constructive process of the isosceles triangle. Concretely, M9446
first defined the isosceles triangle as a figure ”which is constructed with a radius less than half of the segment”447
and after the interaction with the parametric tool as ”a figure which is constructed with a radius greater than448
half of the segment.” Subsequently, through the process and in response to instrumental genesis, she constructed449
an instrumented action scheme that resulted in the construction of the concept-in-action. A basic component450
is the square’s congruent sides, which is a common property with a rhombus (or a square’s congruent angles451
which is a common property with a rectangle). A main question is how the students could combine these two452
important processes. With these processes, the students will construct the properties of the square regarding453
its angles and sides, that is, regarding the figure’s primary properties. A brief discussion of the first phase :454
The procedure of the construction of parallelograms can be accomplished through the building of linking visual455
active representations. In the Figure 12 above, we can see the linking visual active representations of the first456
phase. Dragging the parallelogram theoretically, we can shape a ”soft” rectangle, and by dragging the rectangle457
theoretically, we can shape a ”soft” square. If we construct a diagonal in the parallelogram, we can drag it458
theoretically and shape a rhombus and then a square by analyzing the figure as two subfigures.459

Consequently, the theoretical dragging is a non-linguistic warrant to students’ perceptions. For the construction460
of the rectangle, the parallelogram is the data, and then the rectangle will become the data for the construction461
of the square. By this way the students become able to perceptually form a hierarchy of the figures through462
linking representations.463

7 Let me describe how to rotate a point A: First, you have to select a point O to act as the center for rotation,464
then select the object (s) you wish to rotate, and finally choose the rotation command from the Transform menu.465
The Rotate dialog box appears, which gives the students the opportunity to write the angle they want to rotate466
the object(s).467

The accomplishment of the first phase evoked a crucial issue for me: Can students use the figures’ secondary468
properties to accomplish the construction of a parallelogram? By secondary properties are meant the properties of469
the figure’s diagonals, which relate to the symmetry of the shape. This is in accordance with what Dina van Hiele470
(Fuys et al, 1984) argues, that ”a student proves he possesses the structure of the analysis when he shows that471
he can manipulate the organizing principles. One of those organizing principles is symmetry” (p.184). For this,472
it is very important that the students follow the second phase. b) i. Instructional design process: In this phase473
the notion of symmetry is introduced by using the transformations of the rotation and reflection of the software.474
The recognition/understanding of the symmetry of geometrical objects is the fundamental aim of this study,475
in accordance with van Hiele’s theory, as mentioned above (see 4.1.1.3). The transformations of the rotation476
results in the construction of a symmetrical by center object in the software, by interacting with an intermediary477
representation. This means that the rotational symmetry is a rotation of the object for the specialized case for478
an angle of 180o. The transformation of the reflection results in the construction of a symmetrical by axis object479
in the software. This means that the reflection of an object (i.e., a segment or an angle) in the software and its480
symmetrical by axis object in a paper-pencil activity could provide perceptually the same result. Consequently,481
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the reflection line could be interpreted as the axis of symmetry of the objects (the original object and the reflected482
object).483

The aim of this procedure is ”to introduce students to geometric transformations and to help them construct484
cognitive ’building blocks’, such as mental rotation of shapes, that are important in dealing with spatial problems.485
Concepts of congruence and symmetry are explicitly addressed here as well” (Clement, Battista & Sarama, 2001,486
p. 12).487

3 2012488

March in the phases of learning, ”from suggestions in ’Structure and Insight’”(van Hiele, 1986)” (p. 212). The489
task of the activities, being investigated by the students in the DGS environment, was a formulation that has been490
affected by the reflection of the dynamic object. I shall explain in details the complete process in the following491
paragraphs. a) The direct manipulation of the hide/show action button will appear the construction of a point492
and its reflected point (Fig. 13). The reflection of a point is a ”child’s” point of view of the original point and is493
dependent on it. The students will drag the point or the reflected point in order to visualize the relationship of494
their distances from the reflection line. The dragging of the points will lead students to visualize that the points495
are symmetrical by axis of symmetry the reflection line.496

4 Phase B: Investigating and building figures through symme-497

try498

Consequently, any action on the original object leads to the equivalent action on the image, i.e., the dependent499
object. This means that the students will be led to a ”visual explicitness of encoded information and facilitating500
perception of [?] transformations inherent in the VMR” ??Sedig & Sumner, 2006, p. 14). Through instrumental501
genesis, the students will construct an instrumented action scheme of the reflection and the concept-in-action of502
the congruency of distances of the points A, A ?and the reflection line (Fig. 13).503

At this point, a main question arise: Do students understand that the congruency of distances mentioned504
above holds fast for every point and vice versa on the reflection line? In other words, are the students able to505
conceive the generalization of the concept of congruency between the reflected points and the axis of symmetry?506

An artefact that can affect the perception of generalization is the trace command. According to Jahn (2002),507
the ”trace command emphasises a dynamic interpretation of the representation of a trajectory of a point” (p.508
79) as ”a set of pixels highlighted on the screen [?] allows the user to instruct certain objects on screen to leave509
a trace when they are moved, either manually using the mouse or through the use of the ’Animation’ tool.”510

By tracing the original point and the reflected point, the students are able to investigate the properties of the511
reflection in a general form (Fig. 13c). This means that through this process the students have the opportunity512
to visualize the congruency of the distances of the original point (and the reflected point) from the axis, moreover,513
the perpendicularity that is verified visually for a point on screen, theoretically for an infinite number of points.514

By dragging the point of the axis of symmetry (see figure 14) in order to change the orientation of the axis515
of symmetry, the students will understand that the properties of the transformed objects remain stable. This is516
complex transformation, meaning a rotation of the reflected points. The objects change their orientation, and the517
challenge is for the students to grasp the meanings ”through motion,” which helps them generalize the concepts518
they have conceived before and develop inductive reasoning. The students will drag the endpoint of the segment519
in order to investigate how the orientation of the segment or its image will be modified, as well as the distance of520
its endpoints from the axis of symmetry (fig. 15 a, b). By joining the endpoints with their images with segments521
the students will visualize the configuration of different quadrilaterals such as isosceles trapezium, rectangles or522
squares. Moreover it will be investigated if the reflection line will be coincided by the students with the meaning523
of the perpendicular bisector. This stage has a few important parts which are described below.524

5 March525

Figure 15 b : The students will visualize through experimental dragging to several types of quadrilaterals (e.g.,526
a trapezium and its properties). This is a crucial point for the research, because the figure is componentially527
analyzed in congruent sides and subfigures of the shape. The questions addressed to the students are as follows:528
What figures do you observe? What are their properties? Figure 15 c : The students will drag the end point of529
the segment AB so that it becomes parallel with the reflection line. The figure is transformed into a rectangle530
as a synthesis of its two componential parts (the two sub-rectangles shaped on screen). Moreover, the reflection531
line is the perpendicular bisector of the vertical sides of the rectangle. By dragging the end point of the segment,532
the students will be able to see several types of rectangles formed on screen. Furthermore, this is a good point533
for the students to visualize a square like a rectangle whose sides become congruent.534

Figure 15 d : The students will drag the end point of the segment AB so that it will become a point on the535
reflection line. It is crucial for the students to recognize the isosceles triangle even if it appears in a different536
orientation on screen than the students usually know. The students have to recognize an isosceles triangle’s537
componential parts formed by the reflection line (the two right triangles) and that the reflection line is the538
perpendicular bisector of the triangle (or the formed rectangles).539
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7 C CONSTRUCTION OF THE AXES OF SYMMETRY OF A RHOMBUS

I investigated if the students developed the competency to perceptually recognize the components of the shaped540
figure on screen. I will give an example of the research process. I dragged the endpoint of the segment AB until541
it touch the reflection line (Fig. 15 d). R : What is this figure ?? M1: This is a right triangle and this is an542
isosceles triangle. R : And can you explain why these are intersected on the reflection line?543

M1: Perhaps because the software kept this triangle as an isosceles.544
?1’s (van Hiele level 1) expression (”because the software kept this triangle as an isosceles”) could be545

reformulated as ”the objects of the software preserve the properties for which they are constructed, which results546
the congruency of the segments and then that the triangle remains isosceles.” ?1 recognized the subfigures in547
which an isosceles triangle is separated from the reflection line, although the isosceles had an unusual orientation548
on the screen. Subsequently, M1 has developed the competency to perceptually recognize the components by549
which the figure is analyzed.550

6 March551

The students will face difficulties in understanding the meaning of axis of symmetry and how it differs from552
rotational symmetry, which is expressed with the misunderstanding of the roles that the secondary elements (for553
example, the medians of a triangle or the diagonals of a rectangle) play in the figures’ symmetry. Another point is554
students’ difficulty in distinguishing the difference between the meanings of ”symmetry of an object with regard555
to an axis of symmetry” and the meaning of ”symmetry lines of the shape.” Symmetry lines are those lines which556
the construction of the symmetrical point for any point on the figure leave the figure unchanged. The construction557
of the diagonals of the rectangle as rectangle’s axes of symmetry is a commonly known misunderstanding faced558
by many students ??Panaoura et al., 2009, p. 46).559

There are researchers who give evidence that such misconceptions have even appeared to preservice teachers.560
According to Son (2006) ”It was found that a large portion of pre-service teachers had lack of content knowledge561
of reflective symmetry. A large portion of preservice teachers had misconception of reflective symmetry. They562
misunderstood that the parallelogram had lines of symmetry. They confused symmetry and rotation. When563
they were asked to explain how to perform reflection, over half of preservice teachers relied on the procedural564
knowledge of reflective symmetry such as folding rather than focused on the properties of reflective symmetry565
???]. It is revealed that many prospective teachers confused the property of reflection and those of rotation”566
(and had tendency to rely on the procedural aspects of reflective symmetry when using teaching strategies)567
(pp.149-150).568

Through the current process the students pursue conquering the cognitive tasks Correlating the construction569
process with the investigational part of the current phase and overcoming the conceptual obstacles correlated570
with the meaning of the axis of symmetry with the construction of the diagonals of the figure.571

Perceptually understanding the axis of symmetry as a result of the connection of the midpoints of the opposite572
sides of the shape and consequently to construct the meaning of the midpoint-parallel line.573

In other words to dynamically reinvent a rule ”the segments that join the midpoints of the opposite sides of574
the rectangles are its symmetry lines”. Equating the two processes and consequently connecting the primary575
and the secondary properties of the shape. Defining the axis of symmetry of the rectangle and constructing a576
definition of the rectangle based on the definition of the axis of symmetry. Investigating and reasoning whether577
the axis of symmetry are perpendicular An example of the research process includes the following discussion: M578
7 : let’s find the rectangle’s axes of symmetry. I know? I mean, we have to join the diagonals? M 8 : What for?579
M 7 : It will pass from this point (the intersection point of the diagonals), it must be parallel here (and points to580
JI) and pass from here (points to intersection point of the diagonals)? and be vertical here (and shows towards581
HI) R: Are GI and HG the axes of symmetry? M 7 : No! M 7 : Let’s join the midpoints.582

Therefore, we have a theoretical construct derived through interaction with the on-screen diagram. M7 related583
the reflection of the objects with the symmetry by axis, meaning that she related procedures with meanings.584
Meaning the linking representations that she created during the process helped her to correlate the primary and585
the secondary properties of the figure, meaning the notion of perpendicularity to that of parallelism. In this way,586
the student assimilated that the interparallels are perpendicular to the sides.587

Consequently, the construction of the meaning, ”the axes of symmetry are the lines that join the midpoints of588
the sides of the figure,” is a result of this process.589

7 C Construction of the axes of symmetry of a rhombus590

Problem: Construct the axes of symmetry of rhombus. Then join the midpoints of the opposite sides with a591
segment and explain why it is an axis of symmetry or not. Then, drag the vertex of the rhombus to form a592
square.593

Design process : The construction of rhombus’ axes of symmetry Most students intuitively know that the594
axes of symmetry of a rhombus are its diagonals. This is a crucial point for the research process because the595
students have to overcome a cognitive obstacle: The segment that joins the midpoints of the opposite sides of596
the rhombus is not an axis of symmetry because this line is not perpendicular to the sides of the rhombus. By597
using experimental dragging they will perceptually understand that the axes of symmetry of the rhombus do not598
follow the rule that the rectangle does. I will give an example of the research process.599
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I asked the students to construct the midpoints of the opposite sides and then to answer the question, ”What600
is the segment that joins the opposite midpoints of an axis of symmetry of the rhombus?” They then had to601
explain their answers. R : Is the segment OP an axis of symmetry? M8, M13: Yes M7 : Yes, this is the midpoint602
M7 : Oh no! It is not because this angle is not right!!603

8 March604

M7 faced a cognitive conflict when she visually does not verify the property of the perpendicularity at the605
interparallel line of the rhombus. She has previously correlated the interparallel line of the rectangle with the606
meaning of symmetry line of the figure. Subsequently, she was leading to accommodate the cognitive scheme she607
has constructed for the meaning of axis of symmetry for the case of rhombus. This means that M7 has acquired608
”an increasing ability and inclination to account for the spatial structure of shapes by analyzing their parts and609
how the parts are related” ??Battista, 2007, p. 851). This is a result of the mental connection of representations610
at different points of the research process.611

Consequently, the linking representations led the student to cognitive conflicts and prompted her to develop612
her thinking processes, mediating to the decoding of her mental image to an iconic representation and then to a613
verbal one.614

9 Construction of the axis of symmetry of a square615

Design process : The construction of a square’616

10 axes of symmetry617

The students have to recognize/realize that the square concentrates all the properties that the previous shapes618
did, with regard to its symmetry lines. This means the segment that joins the midpoints of the opposite sides of619
the square is a symmetry line, as are its diagonals, so the square concentrates all the properties of the rhombus620
and the rectangle with regard to symmetry lines. This means that the students can give hierarchy to the square621
as a rhombus or a rectangle and define it from its properties from the lines of symmetry. The students’ cognitive622
conflicts led me to redirect my study in order to include the investigation of the meaning of rotational symmetry.623
The students were confused about the two meanings and most students believed that the rotational symmetry624
of a point can be defined as a reflectional symmetry of the point.625

The task was for the students to build on their prior knowledge, on what they have learned through their626
participation in class, so I prompted them to rotate the point by joining point A with point O and then to follow627
the instructions, which means they had to transfer their knowledge of how a point can be rotated in static means628
in the DGS environment.629

In order to facilitate the process, I created a ’custom tool’ that could apply the procedure of the rotation of630
a point by 180o, appearing only as the final step of the rotation process (meaning the students could not see631
the entire intermediary steps of the Global Journal of Computer Science and Technology Volume XII Issue VI632
Version I This means that the students can see on screen the segment that joins point B with point O and also633
the segment OB? (Fig. 19). Consequently, the result of this procedure is the same as that in which students used634
the rotation command. Students using the rotation command can interact with the intermediary representation635
through which they can define the rotation angle, meaning they interact with the linking representations that636
occur on screen. But the ’custom tool’ operates in an abstract way and displays only the final result. According637
to Jackiw (personal e-mail communication with Nicholas Jackiw, September, 29, 2005) ”scripts [or custom tools]638
represent an abstraction of your own work or process, and thus using them as ”abstract tools” requires a level639
more advanced or sophisticated a conceptualization than using ”literal” tools like the compass and straighetge”.640
In this way, this ”custom tool” operates as a developmental indicator of a student’s understanding and of his/her641
cognitive growth, as there is a need for the student to understand the tool’s hidden principle.642

11 Redesign process : The example and the counter-example of643

custom tool’s use644

The difficulties that arose from the use of the custom tool made me use an example and a counterexample of its645
use. By example I mean, where the ”custom tool” is helpful is in understanding that the rotation of every point646
of the circumference of a circle on its center (rotation of the circle around its center) results in the circumference647
of the same circle. By counterexample I mean that the rotation of an equilateral triangle at the intersection648
point of the perpendicular bisectors results in a different equilateral triangle (rotation by 180° of the original at649
the intersection point of the perpendicular bisectors).650

The example: I asked the students to rotate the circle around its center by asking, What is the symmetrical651
figure of a circle by its canter ?652

The counter example: The intersection point of the perpendicular bisectors of an equilateral triangle is not653
the centre of symmetry of the triangle. I will give an excerpt of the research process The example: M1: He654
places a point A on the circle and then applies the custom tool to point A and point F. According to Drijvers &655
Trouche (2008) The difference between elementary usage schemes and higher-order instrumented action schemes656
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12 THE FORMAL COMPONENTIAL ANALYSIS PART OF THE SECOND
PHASE DESIGN PROCESS : CONSTRUCTION OF A PARALLELOGRAM

is not always obvious. Sometimes, it is merely a matter of the level of the user and the level of observation: what657
at first may seem an instrumented action scheme for a particular user, may later act as a building block in the658
genesis of a higher-order scheme.659

[?] a utilization scheme involves an interplay between acting and thinking, and that it integrates machine660
techniques and mental concepts [?] the conceptual part of utilization schemes, includes both mathematical661
objects and insight into the ’mathematics of the machine’(p. 372) By using the custom tool twice, with the662
second application point at the symmetry center O, students will lead to the construction of two segments that663
have the same midpoint. Consequently, the meaning of ”diagonals are bisected /dichotomized” can be constructed664
by the students through the use of the custom tool (Fig. 20).665

So they will construct a ”higher [secondary]order usage scheme” ??Drijvers & Trouche, 2008, p.371). By666
dragging the points, they can visualize a parallelogram and that the structure of the intersected dichotomized667
diagonals of any parallelogram shaped on screen are unmodified. In this way, the students can construct the668
structure of the parallelogram from its symmetry properties and the symbol character of the parallelogram is669
accomplished with a secondary property. The construction of the rotational symmetrical triangle is an important670
part of the whole activity. It is crucial for the students to recognize the parallelograms within a complex figure671
and to formulate their arguments. Although the way I asked the question might be more likely to trigger a672
”no” without any thinking, M1 verbally decoded the iconic information, based on his visual perception and on673
mental transformations of visual data comparison. He has acquired ”an increasing ability to understand and674
apply formal geometric concepts in analyzing relationships between parts of shapes” ??Battista, 2007, p.852).675

Consequently the procedure will help the students to recognize the figure of its properties, meaning the figure676
will acquire the signal character. The images in Figure 20, 21 are linking representations of the higher-order677
utilization schemes. This means that these representations are linked.678

Structurally as the dragging of any point does not modify the structure of the construction.679
Conceptually through the meaning of the symmetry by center and the meaning of the intersected bisected680

diagonals. Furthermore it will be investigated whether the students are able to understand ”the objects’ double681
status” (Duval, personal e-mail communication with Prof. ??uval, August 3, 2010). This means to interpret any682
object (for example a point or a side) as being an element of the triangle or the parallelogram that can be formed.683
I shall give an example of the research process. M4 faces an instrumental obstacle, because the extension of the684
segment cannot be made as a straight line as is the case with the ruler in static means (Fig. 22). Consequently,685
it is the process that pushes her to develop her decoding ability of mental and verbal representation to an iconic686
one onscreen. This leads to a cognitive conflict and the dynamic reinvention of a procedure to accomplish the687
construction of the symmetrical object. So, M4 recognized the parallelogram on screen from the structure of688
its bisected diagonals. Dragging the construction from a point-vertex, the properties remained stable, meaning689
point O remained the midpoint of both the segments, as well as the points ?, ??, and ?, ??, thus preserving the690
property of the symmetrical objects. M4 was able -through the dynamic diagram-to recognize the figure and to691
verbalize in formal language using the criterion of the parallelogram (i.e. if the diagonals of a quadrilateral have692
the same midpoint then the quadrilateral is a parallelogram or if the diagonals of a quadrilateral bisect each693
other then quadrilateral is a parallelogram). Subsequently, the student was able -by using the custom tool-to694
transform an iconic representation into a verbal one through mental transformations.695

R : What are these triangles? M3 : They are congruent? R : How is this occurred? M4 : From the parallel696
lines. R : Where are the parallel lines? M4 : The sides are parallels because they are parallelograms. R : What697
are the parallelograms? I was surprised. M4 named all the parallelograms by mentally joining the segments of698
the figures in order to answer my question. She recognized the parallel lines and the structure of the bisected699
diagonals-in other words, the parallelogram acquired its signal character. The student saw the parallelograms,700
meaning she acquired the insight in order to dynamic reinvent the solution to the problem. Consequently, by701
linking representations and her mental transformations, she acquired the competence to structurally analyze the702
figure. She also gave the segments AB, AC a double status: (1) as sides of the triangle ABO and (2) as sides of703
the formed parallelogram ABA???.704

12 The formal componential analysis part of the second phase705

Design process : Construction of a parallelogram706

The aim of this part of the third phase is for the students to construct a parallelogram with their starting point707
being their knowledge of the symmetry of the figure. The students will construct the figures with the prerequisite708
that ”a specific criterion of validation for the solution of a construction problem: a solution is valid if and only709
if it is not to mess it up by dragging ”(Jones, 2000, p. 58 in ??attista , 2008, p. 353).710

It will be investigated whether the figures have acquired the signal character and if the students can justify711
their procedures theoretically. Moreover, the synthesis of the tools that lead the students to a valid solution or712
to trial and error will be investigated.713

Van Dormolen (1977, p.27) in his article ”Learning to understand what giving a proof really means” argues:714
When someone wants to solve a mathematical problem, he usually will not be able to follow a strictly deductive715

reasoning from the start. As a rule he begins with a more or less disorderly period of trial and error in which he716
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tries to get a grip on the problem. After this has been successful, he will proceed to try and put his solution into717
a tidy form. (p.27)718

Consequently, the students construct the parallelograms based on the figures’ properties related to the axes719
of symmetry or center of rotational symmetry, meaning that they might have deduced in the second and third720
phases. According to Whiteley & Moshé (2005) Once you start thinking of quadrilaterals in terms of their721
symmetries, you will find new ways of constructing them in Geometer’s Sketchpad. Rather than using the722
”construct” menu, it is of more benefit to encourage students to use the ”transform” menu. Emphasizing the723
”transform” menu in GSP can serve as a way to develop and reinforce students’ transformation skills. Think724
about how you can construct a square using the ”transform” menu. Remembering symmetries of quadrilaterals725
and using them to sketch the quadrilaterals will facilitate better understanding of symmetries and how essential726
they are in geometry.727
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process by mentally linking the reverse representations in this procedure. This phase is very crucial for the729
students to acquire the ability to replace a figure with a set of properties that represent it and from these properties730
to construct the figure. In other words, the figure will acquire the signal character. This is a very complex731
process since the students must have both conceptual and procedural competence, meaning the competence to732
instrumentally decode their mental representations of a set of properties with actions through the use of tools.733
This means, for example, to interpret the congruency with the circle tool and simultaneously bisect with the734
custom tool.735

Furthermore, for them to construct the hierarchical categorization and definition of figures through their736
symmetrical properties and in accordance to their understanding. According to Fujita & Jones (2007) ”the737
hierarchical classification of quadrilaterals is difficult because it requires logical deduction, together with suitable738
interactions between concepts and images” ??Fujita & Jones, 2007, p.12). Another important aspect is the739
development of their cognitive structures ??McDonald, 1989, p.426). In the Figure 25 above we are able to740
observe the linking representations of the diagonals of different types of parallelograms. Dragging theoretically741
the endpoint of the diagonals of the parallelogram in order these to acquire the property of the perpendicularity742
leads to the structure of the rhombus diagonals (or a square’s diagonals). Dragging theoretically the endpoint of743
the diagonals of the parallelogram in order these to acquire the property of the congruency leads to the structure744
of the rectangle’s diagonals.745

The construction of two arbitrary diameters in a circle (i.e. the diagonals are not perpendicular to one another)746
leads to the structure of the diagonals of a rectangle. The construction of two diameters perpendicular to one747
another in a circle leads to the structure of the square’s diagonals. In this way conceptually and procedurally748
linking representations are created. Simultaneously, the representations of the Figures 16b, c, d, f, 17b and 20 of749
the previous phase are linked with the representations above with a reversion of the procedure.750

Subsequently, this learning path can lead to the development of an abstract way of thought through the751
development of linking representations in student’s mind. I will give an example of the research process. From752
M4’s answer, it is concluded that the rectangle has not acquired its signal character. M4 applied the custom tool753
at an arbitrary point B of the circle, meaning a point with one degree of freedom. The experimental dragging of754
point B leads the student to a cognitive conflict and to a re -identification of the figure’s properties. Consequently,755
the circle tool and the custom tool mediate in order for the student to dynamically reinvent the properties of the756
rectangle.757

Subsequently, they mediate (a) the decoding of the mental representation to an iconic and then to a verbal,758
(b) the construction of the figure’s signal character, and (3) the recognition of the double status of the figure’s759
elements.760

Through the process, the students construct the interparallel line of the rectangle as the axis of symmetry761
of the figure. The use of the tool mediates the construction of the meaning of the symmetric point on the762
perpendicular line.763

ii.764
Observations of the second phase The images in Figure 13 are LVARs of the construction of the meaning765

”every point and its symmetrical have congruent distance from the reflection line/axis of symmetry or distances766
(numbers) can be equal and the segments congruent”. The linking representations of Figure 14 reinforces the767
construction and understanding of the meaning mentioned before and visually verifies (or visually proves) that768
the axis of symmetry remains perpendicular to the segment that joins every point with its mirror image, although769
its orientation has been changed.770

The extension of the meaning of the perpendicular bisector into objects of 2D is a consequence of their771
manipulation using theoretical (or experimental) dragging in Figure 15. The axis of symmetry visually separates772
the figures into subfigures that preserve the congruency of their altitudes. This means that the figure of the773
rectangle and the figure of the isosceles triangle are structurally analyzed to subfigures due to the figure’s774
perpendicular bisector. The image above (Figure 28) illustrates the geometrical objects in the concrete stages of775
the research process and the implied links between them are illustrated with a green arrow.776
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