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Certain Frobenius Groups 
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Abstract : Hadamard matrices have many application in 
computer science and communication technology. It is shown 
that two classical methods of constructing Hadamard matrices 
viz., those of Paley’s and Williamson’s can be unified and 
Paley’s and Williamson’s Hadamard matrices can be 
constructed by a uniform method i.e. producing an 
association scheme or coherent configuration by Frobenius 
group action and then producing Hadamard matrices by 
taking suitable (1-1) – linear combinations of adjacency 
matrices of the coherent configuration. 
Keywords – Hadamard matrix, Coherent Configuration. 
Association Scheme and Frobenius group.  

I. Introduction 
We begin with following definitions. 

a) Hadamard matrix (H-matrix) 
 

  
HHT  = mlm  [1] 

b)  Coherent configuration (CC)Let X = 
{1,2,3,….n},  and R = {R1,R2…,Rr}  be a 
col lect ion of  b inary re la t ions on X such 
that .  

(cc1) R i  ∩  R j  = φ  for  1≤ i<j  ≤ r ;  

(cc2)
 
∪

r

i=1  
R i

 
= X2

 
= X x X

 
(cc3)

 
For a l l  i  ∈

 
{1,2,3…,r} there ex is ts

 
 i ’  ∈

 

{1,2,3…,r} such that  '
1

ii =RR−

 

 (cc4)

 

There ex is ts I⊆{1,2,3…,r} such that  

iIi
R

∈
∪ =∆ ,

 Where ∆

 

= {(x,x)|(x∈X};

 
c)

 
Adjacency

 
matrix of a relation

 Let R be a relation defined on a non-empty finite 
set X = {1,2,3…,n}.Then adjacency matrix of R = (aij) is 
defined as
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a i j  =







 

 
d) Association Scheme (AS) 

Let X = {1,2,3…,n}.The set     R = {R1,R2…,Rr} 
of r relations  Ri (i=0,1,2,…r) is called an AS with r 
classes if 
(As1) R0={(x,x)x∈X};

 (As2)

 
ii

−1 , for  i  ∈{0,1,2,…,r};

 (As3)

 

∈  ∈Rk

 


 

{z∈X  ∈Ri

 

∈Rj}

 

= 
k
ij

   

 
 

AS is also defined by the adjacency matrices of the 
relations

 

R i

 

( i  = 0,  1,2,…,r)

 

e)

 

Coherent configuration from group action

 

If G is a group of permutations on a non-empty 
finite set X, then we say that G act on X. Now define 
action of G on X x X by g(x,y)=(g(x),g(y)) g∈G and (x,y) 
∈X x X. Then different orbits of G on X x X define a 
coherent configuration.

 

[9]

 

f)

 

Frobenius group

 

A group, G is called a Frobenius group. If it has 
a proper subgroup H such that (xHx-1) ∩H = {e}

 

for all 
x∈G –

 

H. The subgroup H is called a Frobenius 
complement.

 

Frobenius groups are precisely those which 
have representations as transitive permutation groups 
which are not regular –

 

meaning there is at least one 
non identity element with a fixed point and for which only 
the identity has more than one fixed point. In that case, 
the stabilizer of any point may be taken as a Frobenius 
complement. On the other hand, starting with an 
abstract Frobenius group with complement H the group 
of G acts on the collection of left cosets G/H via left 
multiplication.This gives a faithful permutational 
represention of G with the desired properties. The 
Frobenius complement H is unique up to conjugation, 
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A Hadamard Matrix H of order m is an m x m
matrix of +1’s and -1's such that  
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P

R =R

(Called a diagonal relation)

For all i,j,k {0,1,2,…,r}, for all (x,y) 

(x,z) and (z,y) [2] and [9] 

1, iff (i,j)   R,∈

0, otherwise
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hence the corresponding permutation is unique up to 
isomorphism. 

A theorem of Frobenius says that if G is a finite 
Frobenius group given as a permutation group, as 
above, the set consisting of the identity of G and those 
elements with no fixed point forms a normal subgroup 
N. The group N is called the Frobenius kernel. We have 
G = NH with N ∩ H={e} where H is Frobenius 
complement.[1], [3] and [10]. 

g) Paley’s construction of Hadamard matrix 
If pα =q is prime power and q+1=0(mod 

4).Then a Hadamard matrix of order q+1 can be 
construction as follows. 

Suppose the members of the field GF(q) are 
labeled a0,a1,a2…, in some order. A matrix Q of order q 
is defined as follows. The (i,j) entry of Q equals χ (ai-aj), 
where χ  is the quadratic character on GF(q) defined 
by, χ (0)=0 





=
GF(q)in element  quadratic anot  is b if 1-

(q)) GFin  square(perfect  element  quadratic zero non a is bif 1,
)(bχ  

Set S = 

















− Q1

10 ' , H = Iq+1+S 

where 1 = q x 1 matrix with each entry 1. H is 
Hadamard matrix.  [11] and [7] 

h) Williamson’s Method 
Williamsons takes the array 



















−−
−−

−−
=

ABCD
BADC

CDAB
DCBA

H
 

where A,B,C and D are circulant matrices of order n. 
Williamson constructed these matrices as appropriate    
(1,-1)-linear combination of (U+Un-1), (U2+Un-2).










 +−
2

1
2

1

,
nn

UU and Un = In where U = circ (0,1,0…,0) 

 The coefficients 1, -1 in the linear combination 
are obtained through computer search. Such that 
A2+B2+C2+D2=4nI4n          [4], [13] and [7]

 Hadamard matrices are used in communication 
system, digital image processing and orthogonal 
spreading sequence for direct sequence spread 
spectrum code division multiple access. They have 
direct application in constructing error control codes. 
They have also application in the constructing 
supersaturated screening design and optimal weighing 
design..       [9]

 
II. Construction of Hadamard 

Matrix from Frobenius group 
Singh, etal [12] forwarded a method of 

constructing H-matrices from certain AS. Here we 

forward a method which constructs suitable AS or CC 
by the action of Frobenius group and then H-matrix is 
obtained as suitable (1,-1)-

 

linear combinations of 
adjacency matrices of AS or CC.

 a)

 

Construction of Frobenius group (G) of order
, p is an odd prime of the from 4t-1.

 Let ρ

 

= (123…p) be a cycle in Zp.

 
and σ

 

= (x2x4…xp-1) (x3x5…xp-2) (p) be a permutation on 
Zp.

 
Where x is primitive root of multiplicative cyclic group of 
Zp.

 
Let K = the cyclic group generated by ρ.

 
and H = the cyclic group generated by σ.

 
Let G = KH, We claim that G is Frobenius group. 
Elements of K, except identity element e, fixes no point 
and each element of H fixes exactly one point. Next we 
show that elements in KH-(KUH) fixes exactly one point, 
take

 ρiσi(0<i<p, 0<j< 

 

) ∈KH-(KUH)

 Note that if ρiσj(y) = y

 
⇒

 

yx2j+i=y

 
⇒

 

y=i(1-x2j)-2

 

we get unique y .[

 

inverse 
element is unique in a group]

 
Hence every element in G-(H∪K) fixes exactly 

one point.

 

So G = KH is Frobenius group of order 

 
b)

 

Orbits of G on X x X. Where X = {1,2…,p}

 
Orbit of (p,1) under the action of G

 
 

= {g(p,1) |g∈G}

 

 

= {ρ iσ j(p,1)|1≤ i ≤p, 1≤ j ≤ 2
1p −

}

 

 

= {(i,x2j+i) |1≤ i≤p,1≤ j≤ 2
1p −

}=R1(say)

 
 This set clearly contains 2

1pp )( −

 

distinct elements and 
difference b-a of each pair (a,b) ∈

 

R, is a quadratic 
residue modulo p.

 
Orbit of (1,p) under the action of G

 = {x2j+I,i)|1≤ i≤p and 1≤ j≤ 2
1p −

}=R2 (say)

 
 This set contains 2

1pp )( −

 

distinct elements and 
difference of each pair is an non quadratic residue 
modulo p. Since G is transitive, 

 
Orbit of (1,1) = {(1,1), (2,2),(3,3), …(p,p)}

 
= R0 (Say)

 
We can be easily verified that {R0,R1,R2} defines a CC.

 
Now we extend the action of G on the set 
X={1,2…,p,p+1} such that G fixes (p+1).
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2
1p )( −

2
1pp )( −

2
1pp )( −



 
 

 

Then different orbits of G on X x X are as follows. 
R’01 = {(1,1),(2,2)…,(p,p)}; 
R’02={(p+1,p+1)}; 
R’1=R1; 
R’2=R2; 
R’3={(1,p+1), (2,p+1), (3,p+1)…,(p,p+1)}; 
R’4 = {(p+1,1), (p+1,2)…, (p+1,p) 
Let, M01,M02,M1,M2,M3 and M4 be adjacency 

matrices of the relations R01,R02,R1,R2,R3 and R4 
respectively. Clearly M01+M02 = Ip+1 

Let  Q = M1-M2 
and S = Q + M3 - M4 
and Hp+1 = Ip+1+S 
Then Hp+1 is a Hadamard matrix equivalent to 
Hardamard matrix of Paley’s form. 

Remark : The above construction can be easily 
extended to   GF( pα) to have an H-matrix of order pα+1. 
Construction of Hadamard matrix from Dihedral group 
D2n (n is odd) We describe below the construction for H 
matrix from D2n (n is odd) which is also a Frobenius 
group. The permutation representation of dihedral 
group. 

D2n is {ρ, ρ2, ρ3,… ρn = e, ρσ, ρ2σ … ρnσ} 
where ρ(x) = x+1 (mod n) 
and σ (x) = n-x+2 (mod n). 
Consider the action of D2n on X x X when X = {1,2,…,n) 
The orbit of (1,2) = {(ρi(1), ρi(2)) : i=0,1,2,…,n-1} 

∪{(ρiσ(1), ρiσ(2) : i = 0,1,2…,n-1} 
= {(1+i,2+i): i = 0,1,2…,n-1} 
∪{(1+i,i) : i = 0,1,2,…,n-1} 
= R1∪R2 (Say). 

Let U = Circ (0,1,0,0…,0) (Circulant matrix with 1st row 
(0,1,0,0…,0)) 

=

nxn
00001

00000

01000

00100

00010































...........

...........
..................................

...........

...........

...........

,  Clear ly  Un

 

= I n

 

 
Then Adjacency matrix of R1 = U 
We have the following matrix representation of the orbits 

Orbit of (1,2)   → U + Un-1 

Similarly orbit of (1,3)  → U2 + Un-2 
Orbit of (1,4)   → U3+ Un-3 

 

Orbit of      → +

 
An orbit of (1,1)   → In 

Ui+Un-i,(i=1,2… )) and In  are the adjacency 

matrices of an AS. 
Note that these circulant matrices are used in 

construction of Williamson’s matrices A, B, C and D that 
Williamson used in his construction of Hadamard 
matrices. 

III. ILLUSTRATIONS 
a) Construction of Hadmard Matrix of Order 7+1=8 

Consider the permutations on X = {1,2,3,4,5,6,7} 
 
Given by 
ρ =(1234567) 
σ = (323436) (313334) (7) = (241) (365) (7) 
Then G = {ρiσj:1≤i≤7,1≤j≤3} is Frobenius Group of 
order 21. 
Orbits of G on X x X where X = (1,2,3,4,5,6,7} are 
obtained as follows. 
Orbit of (7,1)  =  
{(1,2),(1,3),(1,5),(2,3),(2,4),(2,6),(3,4),(3,5),  
(3,7),(4,1),(4,5),(4,6),(5,2),(5,6),(5,7),(6,1), 
(6,3),(6,7),(7,1),(7,2),(7,4)=R(say). 
 
Orbit of (1,7)- 
{((1,4),(1,6),(1,7),(2,1),(2,5),(2,7),(3,1), (3,2),  
(3,6),(4,2),(4,3),(4,7),(5,1),(5,3),(5,4),(6,2), 
(6,4),(6,5),(7,3),(7,5),(7,6)} = R2 (say) 
Orbit of (1,1)=  
{(1,1),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7)}=R0 (say) 
 
Note that R0,R1,R2 defines a CC on X = {1,2,3,4,5,6,7} 
Now we extend the action of G on the set                            
X=(1,2,3,4,5,6,7,8) such that different orbits of G on X x 
X are. 
R’01 = R0; 
R’02 = {8,8)}; 
R’1 = R1; 
R’2 = R2; 
R’3 = {(1,8), (2,8), (3,8), (4,8), 95,80, (6,8), (7,8)}; 
R’4 ={(8,1), (8,2), (8,3), (8,4), (8,5), (8,6), (8,7)} 
M01, M02, M1, M2, M3, and M4 are adjacency matrices of 
the relations R01, R02, R1, R2, R3 and R4 respectively and 
are given by 
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2
1n1, )( +

2
1n )( −

U U
n-1
2

n-1
2



 

 

































0000
1000
1000
1000

0000
0000
0000
0000

1000
1000
1000
1000

0000
0000
0000
0000

































0111
0000
0000
0000

1111
0000
0000
0000

0000
0000
0000
0000

0000
0000
0000
0000

































0000
0100
0010
0001

0000
0000
0000
0000

0000
0000
0000
0000

1000
0100
0010
0001

































1000
0000
0000
0000

0000
0000
0000
0000

0000
0000
0000
0000

0000
0000
0000
0000

































0000
0000
0100
0110

0000
1011
0101
0010

0011
0101
0010
0001

0001
1000
1100
0110

































0000
0011
0001
0000

0000
0100
1010
1101

0100
0010
0101
0110

0110
0011
0001
1000

 
 
 

 

 
 

 
M0 1=      M0 2= 

 

 

 

 
 
 
 

M1=      M2=  

 

 

       

 

 
M3=

      

M4=

 

 

 
Q = M1

 
–

 
M2

 S = Q+M3-M4
 
= M1-M2+M3-M4

 We take, H = I8
 
+ S = M01+M02+M1-M2+M3-M4

 

 

 

              

=

 
 
 


































−−
−−

−

−−−−
−

−−
−−−

−
−

−−
−−

−−
−−

−
−

1111
1111
1111
1111

1111
1111
1111
1111

1111
1111
1111
1111

1111
1111
1111
1111
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b)

 

Construction of H-matrix from dihedral group D6.

 

The permutational representation of dihedral group 
D6.

 

is {ρ, ρ2, ρ3

 

= e, ρσ, ρ2σ, ρ3σ

 

= σ}

 
 

where ρ(x) = x + 1 (mod 3)

 
 

σ(x) = 3-x+2 (mod 3)

 
 

i.e. σ

 

= (123), σ

 

= (2,3)

 

consider the action of D6

 

on X x X where X {1,23}

 

the orbit of (1,1) = {(1,1),

 

(2,2), (3,3)} = R0

 

(say)

 

orbit of (1,2)={(2,3), 
(3,1),(1,2)}∪{(2,1),(3,2),(1,3)}=R1∪R2 (say)

 

then adjacency matrix of R1

 

= U

 

and adjacency matrix of R2

 

= U3-1=U2

 

matrix representation of orbit of (1,2) is U+U2

 

= 























011

101

110

 

 

matrix representation of orbit of (1,1)= U3=I3=  























100

010

001

 

 

then A, B, C and D are given by  A = 

)(

111

111

111

23 UUU ++

























 

 

B = C = D = -(U+U2) + U3

 

= 





























−−

−−

−−

111

111

111

 

 

Now we have the following H-matrix of order 12.

 

  

 

 
=













































−−−−
−−−−
−−−−

−−−−
−−−−

−−−−
−−−−

−−−−
−−−−

−−−−−−
−−−−−−
−−−−−−

111111111111
111111111111
111111111111
111111111111
111111111111
111111111111
111111111111
111111111111
111111111111
111111111111
111111111111
111111111111

 

IV.

 

Future

 

Prospects

 

At present no single method of construction can 
settle Hadamard conjecture which states that there 
exists an H-matrix of order 4t for all positive integer. By 
Computer search Djokovic [5] shows that there is no 
Williamson

 

matrix of order t = 35 and so H-matrix of 
order 35x4=140 can be constructed by Williamson 
method. However since 139 is a prime of the form 4t-1, 
an H-matrix of order 140 can be constructed by the 
above method. We conjecture that by our general 
method H-matrix of any order can be constructed from 
suitable group.
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